The reasoning of tests of significance

Example 10.9

Diet colas use artificial sweeteners to avoid sugar. These sweeteners gradually lose their sweetness over time. Trained tasters sip the cola along with drinks of standard sweetness and score the cola on a “sweetness score” of 1 to 10. The cola is then stored for a month at high temperature to imitate the effect of four months’ storage at room temperature. Each taster scores the cola again after storage. This is a matched pairs experiment. The data are the differences (score before storage minus score after storage) in the tasters’ scores. The bigger the differences between the two tests, the bigger the loss of sweetness. 
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Are these data good evidence that the cola lost sweetness in storage?
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A test of significance asks:

Does the sample result 
[image: image2.wmf]x

= 1.02 reflect a real loss of sweetness? 

Or 

Could we easily get this outcome just by chance?

A test of significance starts with a careful statement of these alternatives.

The mean 
[image: image3.wmf]m

 is the average loss in sweetness that a very large number of tasters would detect in the cola.

Our 10 tasters are a sample from this population.

null hypothesis        says that there is no effect or   

                                  no change in the population
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       If the null hypothesis is true, the 

“H-nought”              sample result is just chance at work.
alternative hypothesis    suspects that the cola does 

                                         lose sweetness
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The reasoning of a significance test goes like this:

· Suppose for the sake of argument that the null hypothesis is true, and that on the average there is no loss of sweetness.

· Is the sample outcome 
[image: image6.wmf]x

= 1.02 surprisingly large under that supposition? If it is, that’s evidence against
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 and in favor of 
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.

To answer this question, we make the use of the knowledge of how the sample mean 
[image: image9.wmf]x

would vary in repeated samples if 
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 really were true. That is the sampling distribution of 
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once again. 

From long experience we know that the individual tasters’ scores vary according to a normal distribution. The mean of this distribution is the parameter 
[image: image12.wmf]m

. 

We are asking what would happen if there is really no change in sweetness on the average, so 
[image: image13.wmf]m

 is 0. 

From long experience we also know that the standard deviation for al individual tasters is 1. The sampling distribution of 
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from 10 tasters is then normal with mean 
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 and standard deviation
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If a cola does not lose sweetness in storage, the mean score 
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 for 10 tasters will have this sampling distribution.

· One cola had 
[image: image19.wmf]x

=0.3 for a sample of 10 tasters. It is clear from the figure that an
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this large could easily occur just by chance when the population is 
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. That 10 tasters find 
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=0.3 is not evidence of a sweetness loss.

· The taste test for our cola produced  
[image: image23.wmf]x

  =1.02. That’s way out on the normal curve in the figure, so far out that an observed value this large would almost never occur just by chance if the true   
[image: image24.wmf]m

 were 0.
The final step in our test is to assign a number to measure how unlikely our observed 
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  is if  
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    is true. The less likely this outcome is, the stronger is the evidence against  
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   . 

· The farther out  
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  is in the positive direction, the more convinced we are that the population mean 
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 is not zero but positive.

· We measure the strength of the evidence against 
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  by the probability under the normal curve in the figure above to the right of the observed  
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 .

· This probability is called the P-value.

· It is the probability of a result at least as far out as the result we actually got.

· The smaller the probability, the more surprising our result, and the stronger the evidence against the null hypothesis.

· For one cola, our 10 tasters gave   
[image: image32.wmf]x

 =0.3                                         P-value=0.17 this is the probability to the right of 0.3. That is, 17% of all samples would give a mean score as large or large than 0.3 just by chance when the true population mean is 0. An outcome this likely to occur just by chance is not good evidence against the null hypothesis.

· Our cola showed a larger sweetness loss, 
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 =1.02.

·  normcdf(1.02, 5, 0, 0.316)=6.2368(10-4) probability of a result this large or larger is only 0.0006. This probability is the P-value. 

· Ten tasters would have an average score as large as 1.02 only 6 times in 10,000 tries if the true mean sweetness change were 0.

· An outcome this unlikely convinces us that the true mean is really greater than 0.

· Small P-values are evidence against  
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 because the say that the observed result is unlikely to occur just by chance. 

· Large P-values fail to give evidence against 
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 .

· How small must a P-value be in order to persuade us? There is no fixed rule. But the level 0.05 (a result that would occur no more than once in 20 tries just by chance) is a common rule of thumb. 

· A result with a small P-value, say less than 0.05, is said to be statistically significant. That’s just a way of saying that chance alone would rarely produce so extreme a result. 

Outline of a test

· Describe the effect you are searching for in terms of a population parameter like the mean
[image: image36.wmf]m

. 
· Never state a hypothesis in terms of a sample statistic like
[image: image37.wmf]x

.

· The null hypothesis is the statement that this effect is not present in the population, whereas the alternative hypothesis states that it is. 

· From the data, calculate a statistic like 
[image: image38.wmf]x

that estimates the parameter. Is the value of this statistic far from the parameter value stated by the null hypothesis? 

· If so, the data give evidence that the null hypothesis is false and that the effect you are looking for is really there. 

· The P-value says how unlikely a result at least as extreme as the one we observed would be if the null hypothesis were true. Results with small P-values would rarely occur if the null hypothesis were true. We call such results statistically significant.
Stating the Hypotheses

Null Hypothesis 
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	The statement being tested in a test of significance is called the null hypothesis. The test of significance is designed to assess the strength of the evidence against the null hypothesis. Usually the null hypothesis is a statement of "no effect" or "no difference."




P-values and statistical Significance

           The P-value describes how strong the evidence is because it is the probability of getting an outcome as extreme or more extreme than the actually observed outcome. "Extreme" means "far from what we would expect if 
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were true." The direction or directions that count as "far from what we would expect" are determined by the alternative hypothesis
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.
P-Value

The probability, computed assuming that Ho is true, that the observed outcome would take a value as extreme or more extreme than that actually observed is called the P-value of the test. The smaller the P-value is, the stronger is the evidence against Ho provided by the data.

Calculating a one-sided P-value
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So, if 
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, is true, and the mean sweetness loss for this cola is 0, there is about a 17% chance that we will obtain a sample of 10 sweetness loss values whose mean is 0.3 or greater.
Such a sample could occur quite easily by chance alone. The evidence against
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, is not that strong.

· This one-sample z statistic has the standard normal distribution when is 
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is true. If the alternative is one-sided on the high side 
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 then the P-value at least as large as the observed z.

· That is
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· If the P-value is as small or smaller than alpha, we say that the data are statistically significant at level 
[image: image50.wmf]a


· "Significant" in the statistical sense does not mean "important." It means simply "not likely to happen just by chance." 
· The significance level a makes "not likely" more exact. Significance at level 0.01 is often expressed by the statement "
· The results were significant (P < 0.01)." Here P stands for the P-value. 
· The P-value is more informative than a statement of significance because it allows us to assess significance at any level we choose. 
· For example, a result with P = 0.03 is significant at the 
[image: image51.wmf]a

= 0.05 level but is not significant at the 
[image: image52.wmf]a

= 0.01 level.

Inference ToolBox

· Step 1: Identify the population of interest and the parameter you want to draw conclusions about. State null and alternative hypotheses in words and symbols.

· Step 2: Choose the appropriate inference procedure. Verify the conditions for using the selected procedure.

· Step 3:  If the conditions are met, carry out the inference.

a. Calculate the test statistics.

b. Find the P-value.

· Step 4: Interpret your results in the context of the problem. 
Calculating a two-sided P-value

Suppose the direction of the difference is not specified. The alternative hypothesis is therefore two-sided.

It is not always easy to decide whether a test should be one-sided or two-sided. In example 10.9, because colas can only lose sweetness in storage, we are interested only in detecting an upwards shift in
[image: image53.wmf]m

 . However, there are situations in which we are only looking to find a difference in the given
[image: image54.wmf]m

.

Suppose that the z test statistics for a two-sided test is z=1.7. The two-sided P-value is the probability that 

Z
[image: image55.wmf]£

-1.7 or Z
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 1.7 is the area under the curve. Because the standard normal distribution is symmetric, we can calculate this probability by finding P(Z
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 1.7) and doubling it. This value should be compared against the confidence level 
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The direction of a z test
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Example 10.13 

Executive’s Blood Pressures
The National Center for Health Statistics reports that the mean systolic blood pressure for males 35 to 44 years of age is 128 and the standard deviation in this population is 15. The medical director of a large company looks at the medical records of 72 executives in this age group and finds that the mean systolic blood pressure in this sample is 
[image: image67.wmf]x

= 126.07. Is this evidence that the company's executives have a different mean blood pressure from the general population? As usual in this chapter, we make the unrealistic assumption that we know the population standard deviation. Assume that executives have the same 
[image: image68.wmf]s

= 15 as the general population of middle-aged males.

Step I: Identify the population of interest and the parameter you want to draw conclusion about. 
· The population of interest is all middle-aged male executives in this company. 
· We want to test a claim about the mean blood pressure 
[image: image69.wmf]m

for these executives. The null hypothesis is "no difference" from the national mean 
[image: image70.wmf]0
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= 128. The alternative is two-sided because the medical director did not have a particular direction in mind before examining the data. 
· So the hypotheses about the unknown mean 
[image: image71.wmf]m

of the executive population are
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= 128   Company executives' mean blood pressure is 128.
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128 Company executives' mean blood pressure differs 
                              from the  national mean of 128.
Step 2: Choose the appropriate inference procedure. Verify the conditions for using the selected procedure. 
Since 
[image: image76.wmf]s

is known, we will use a one-sample z test for a population mean. 
Now we check conditions.

· The data come from an SRS from the population of interest. 
· The z test assumes that the 72 executives in the sample are an SRS from the population of all middle-aged male executives in the company. We should check this assumption by asking how the data were produced. If medical records are available only for executives with recent medical problems, for example, the data are of little value for our purpose. It turns out that all executives are given a free annual medical exam and that the medical director selected 72 exam results at random. 

· The sampling distribution of 
[image: image77.wmf]x

 is approximately normal. We do not know that the population distribution of blood pressures among the company executives is normally distributed. But the large sample size (n = 72) guarantees that the sampling distribution of 
[image: image78.wmf]x

will be approximately normal (central limit theorem).
Step 3: If the conditions are met, carry out the inference procedure:

Calculate the test statistic. 
· The one-sample z statistic is 
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· Find the P-value. You should still draw a picture to help find the P-value, but now you can sketch the standard normal curve with the observed value of z. The figure shows that the P-value is the probability that a standard variable z takes a value at least 1.09 away from zero. From Table A we find that this probability is
                P-value = 2 P( Z 
[image: image80.wmf]³

 1.09 ) = 2(1-0.862) = 0.2758

                   [image: image81.png]P=02758
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Step 4: Interpret your results in the context of the problem. 

More than 27% of the time, an SRS of size 72 from the general male population would have a mean blood pressure at least as far from 128 as that of the executive sample. The observed 
[image: image82.wmf]x

= 126.07 is therefore not good evidence that executives differ from other men. We fail to reject our null hypothesis (
[image: image83.wmf]0
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)
· The data in Example 10.13 do not establish that the mean blood pressure 
[image: image84.wmf]m

for this company's executives is 128. 
· We sought evidence that 
[image: image85.wmf]m

differed from 128 and failed to find convincing evidence. That is all we can say. 
· No doubt the mean blood pressure of the entire executive population is not exactly equal to 128. 
· A large enough sample would give evidence of the difference, even if it is very small. 
· Tests of significance assess the evidence against Ho. 
· If the evidence is strong, we can confidently reject Ho in favor of the alternative. 
· Failing to find evidence against 
[image: image86.wmf]0
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 means only that the data are consistent with
[image: image87.wmf]0
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, not that we have clear evidence that 
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is true. 
· When you interpret your results in context (step 4 of the Inference Toolbox), be sure to link your comments directly to your P-value or significance level. 
· Do not simply say "reject Ho." 
· Provide a basis for any decision that you make about the claim expressed in your hypotheses.
Example 10.14

Can You Balance your Checkbook?

In a discussion of the education level of the American workforce, someone says, “The average young person can't even balance a checkbook.” The NAEP survey says that a score of 275 or higher on its quantitative test (see Exercise 10.2 on page 542) reflects the skill needed to balance a checkbook. The NAEP random sample of 840 young Americans had a mean score of 
[image: image89.wmf]x

= 272, a bit below the checkbook-balancing level. Is this sample result good evidence that the mean for all young men is less than 275? As in Exercise 10.2, assume that 
[image: image90.wmf]s

= 60.
Step 1: Identify the population of interest and the parameter you want to draw conclusions about. 

We want to test a claim about the mean NAEP score p of all young Americans. 
· The hypotheses are
Ho: 
[image: image91.wmf]m

= 275  The mean NAEP score for all young Americans is at the
                        checkbook balancing level.

Ha: p < 275     The mean NAEP score for all young Americans is
                        below the checkbook balancing level.
· The alternative hypothesis is one-sided because we believe that the mean NAEP score in the population might fall below 275.
Step 2: Choose the appropriate inference procedure. Verify the conditions for using the selected procedure. 

· Since 
[image: image92.wmf]s

is known, we will use a one-sample z test for a population mean. 
· Checking conditions:

          The data come from an SRS from the population of interest. 
          We were told this in Exercise 10.2. 

· The sampling distribution of X is approximately normal. We do not know that the population distribution of NAEP scores for young Americans is normally distributed. 

· But since n = 840, the central limit theorem tells us that the sampling distribution of 
[image: image93.wmf]x

will be approximately normal.
Step 3: If the conditions are met, carry out the inference procedure:

· Calculate the test statistic. The one-sample z statistic is
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· Find the P-value. Because 
[image: image95.wmf]a
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 is one-sided on the low side, small values of z count against
[image: image96.wmf]0
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. The figure illustrates the P-value. Using Table A, we find that
                  [image: image97.png]Standard normal
distripution

P-value = 0.0735





P-value = P(Z
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 -1.45) = 0.0735
Step 4: lnterpret your results in the context of the problem.
· A mean score as low as 272 would occur about 7 times in 100 samples if the population mean were 275. 
· This is modest evidence that the mean NAEP score for all young Americans is less than 275, but it is not significant at the
[image: image99.wmf]a

= 0.05 level. 
· We fail to reject the null hypothesis.
TESTS WITH FIXED SIGNIFICACE LEVEL

Sometimes we demand a specific degree of evidence in order to reject the null hypothesis. A level of significance
[image: image100.wmf]a

, says how much evidence we require. In terms of the P-value, the outcome of a test is significant at level 
[image: image101.wmf]a

if P 
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a. Significance at any level is easy to assess once you have the P-value. The following example illustrates how to assess significance at a fixed level
[image: image103.wmf]a

, by using a table of critical values, the same table used to obtain confidence intervals.

Example 10.15

Determining significance

In Example 10.14, we examined whether the mean NAEP quantitative score of young Americans is less than 275. The hypotheses are
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: 
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 = 275
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: 
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 <  275

The z statistic takes the value z = -1.45. 
Is the evidence against Ho statistically significant at the 5% level?
To determine significance, we need only compare the observed z = -1.45 with the 5% critical value z* = 1.645 from Table C. Because z = -1.45 is not farther from 0 than -1.645, it is not significant at level 
[image: image108.wmf]a

= 0.05.

Here is why. 
· The P-value is the area to the left of -1.45 under the standard normal curve, shown in the figure. 

· The result z = -1.45 is significant at the 5% level exactly when this area is no more than 5%. 
· The area to the left of the critical value -1.645 is exactly 5%. 
· So -1.645 separates values of z that are significant from those that are not. 
        [image: image109.emf]
EXAMPLE 10.16

IS THE SCREEN TENSION OK?

The manufacturer in Example 10.5 (page 546) knows from careful study that the proper tension of the mesh in a video terminal is 275 mV. Is there significant evidence at the 1% level that 
[image: image110.wmf]¹

m

275?
Step 1: Identify the population of interest and the parameter you want to draw conclusions about. State hypotheses in words and symbols. 

· We want to assess the evidence against the claim that the mean tension in the population of all video terminals produced that day is 275 mV. 
· The hypotheses are
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: 
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 = 275      The mean tension of the screens produced that day 
                                is 275 mV.


[image: image113.wmf]a
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:  
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275      The mean tension of the screens produced that day
                              is not 275 mV.
Step 2: Choose the appropriate inference procedure. Verify the conditions for using the selected procedure. 

· Since 
[image: image115.wmf]s

is known, we will use a one-sample z test for a population mean. 
· We checked the conditions in Example 10.5.
Step 3: If the conditions are met, carry out the inference procedure:

· Calculate the test statistic. The one-sample z statistic is
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· Determine significance. Because the alternative is two-sided, we compare bl= 3.26 with the 
[image: image117.wmf]2
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 = 0.005 critical value from Table C. This critical value is z* = 2.576. 
       [image: image118.png]Significant
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This figure shows how this critical value separates values of z that are statistically significant from those that are not significant. 
Because |z| > 2.576, our result is statistically significant.
Step 4: Interpret your results in the context of the problem. 

We reject the null hypothesis at the 
[image: image119.wmf]a

 = 0.01 significance level and conclude that the screen tension for the day's production is not at the desired 275 mV level.

· The observed result in Example 10.16 was z = 3.26. The conclusion that this result is significant at the 1% level does not tell the whole story. 
· The observed z is far beyond the 1% critical value, and the evidence against 
[image: image120.wmf]0
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is much stronger that 1% significance indicates. 
· The P-value gives a better sense of how strong the evidence is. 
P-value = 2 P(Z 
[image: image121.wmf]³

3.26) = 0.00111
· The P-value is the smallest level 
[image: image122.wmf]a

 at which the data are significant. 
· Knowing the P-value allows us to assess significance at any level.
· In addition to assessing significance at fixed levels, a table of critical values allows us to estimate P-values without a calculation. 
· In Example 10.16, compare the observed z = 3.26 with the normal critical values in the bottom row of Table C. 
· This value falls between 3.091 and 3.291, so the corresponding upper tail probability is between 0.0005 and 0.001. So we know that for the two-sided test, 0.001 < P < 0.002. 
· In Example 10.15, z = -1.45 lies between the 0.05 and 0.10 entries in the table. 
· So the P-value for the one-sided test lies between 0.05 and 0.10. 
· This approximation is accurate enough for most purposes. 
· Because the practice of statistics almost always employs software that calculates P-values automatically, tables of critical values are becoming outdated. Tables of critical values, such as Table C, appear in this book for learning purposes and to rescue students without good computing facilities.
CONFIDENCE INTERVALS AND TWO-SIDED TESTS

The calculation in Example 10.16 for a 1% significance test is very similar to that in Example 10.6 (page 550) for a 99% confidence interval. In fact, a two-sided test at significance level 
[image: image123.wmf]a

can be carried out directly from a confidence interval with confidence level C = 1 - 
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.
	A level 
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 two-sided significance test rejects a hypothesis
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= 
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 exactly when the value 
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 falls outside a level 1 - 
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confidence interval for
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EXAMPLE 10.17

TESTS FROM A CONFIDENCE INTERVAL

The 99% confidence interval for the mean screen tension p in Example 10.16 is
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· We are 99% confident that this interval captures the true population mean
[image: image133.wmf]m

. 

· But our hypothesized population mean, 
[image: image134.wmf]0
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 =275, is not the interval.

· So we conclude that our null hypothesis that 
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 = 275 is implausible. 
· Thus, we conclude that 
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 is different from 275. Note that this is consistent with our conclusion in Example 10.16 

· If our null hypothesis had been 
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 = 290, then that value would have been consistent with our 99% confidence interval, and we would not have been able to reject
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Values of 
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 falling outside a 99% confidence interval can be rejected at the 1% significance level. 

Values falling inside the interval cannot be rejected.
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